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. Introduction

In this paper the following nonlinear ordinary-differential

quation, arising in the theory of conduction of heat is discussed.

g__(Dg_g

101) _ZYEy- = dy dy) s

here D is a function of 8.

ome methods for numerical treatment are given. The results are
ompared with those given by Crank Eﬂ, where the equation is reduced

o the integral form

¥ v
J (1/D) exp{- f (21/D) dt}d
1.2) g =1 -2 0 .
® y
J (1/D) exp{- J (2 /D) dT}d
0

hich is then solved in an iterative manner.

ecently, Hays and Curds worked on the same problem. Their method
mployed variational calculus which, however, led to eleborate
alculations. '

ince Crank as well as Hays and Curds used numerical calculations only
t the final stage of their approach, it seemed attractive to solve

he problem by a direct numerical treatment.

n our numerical method we use second-order difference schemes as

pproximations of the differential equation (1.1).

In section 2 the problem is formulated with a brief indication
f its background.
n section 3 the differential equation is subjected to some trans-
'ormations, in order to facilitate the subsequent numerical treatment.
n sections 4, 5, 6, 7 and 8 various numerical methods are discussed.
ection 9 contains a discussion of the results. At the end of the
eper the final numerical results are given and the ALGOL 60 programs

sed are reproduced.




;atement of the problem.

When, in diffusionproblems, one deals with variable diffusion-

icients it is sometimes possible to transform the partial-diffe-
.al equation

36 _ 3 98
< = ox (D(o) ax) s

an ordinary-differential equation.

le boundary conditions can be written as conditions involving
lew variable

1 1
y=5x t 2 ,
it can be proved, that the solution of (2.1) is a function of y

ntroduction of y transforms equation (2.1) into (see [1]):

2y%y9+%y— (D(6) i}ye-) = 0.

formation (2.2) is known the Boltzmann transformation.
is paper we consider the special case where D is a linear functior

wrticular, we consider the

problem

de d de

el — —_—) = >
2y iy + 3y ((1+00) dy) 0, 0 >0,

boundary conditions

6 >0 fory >

‘ansformations of the differential equation

By means of the transformation

1 2
= + -
U 0 > o 6




2.4) and (2.5) get the following, somewhat simpler, form

2
S v auy) gr=o
dy
<
3.2) U=1 +'% o fory=0 |,
Uu->0 for y > »

1
1ere A(U,y) = 2y(1+20U)" 2 .

1 order to facilitate the numerical treatment, it is convenient t«
ransform the semi-infinite interval 0 < y < » into a finite inter
8. 0 <z < 1, At the same time it is desirable to eliminate the
ingularity at y = « of the equation (3.2).

1us we are looking for a transformation

3.3) z = f(y) ,

1ich satisfies the following conditions
, £(0) = 0 and £(») =1

. The transformed version of equation (3.2)

2 |
3.4) (£1)2 9—‘-’—2— + (£''+A£") %—= o,
d z z

rere v(z) = U(y(z)) ,

1s no singularity for 0 < z < 1.

suitable transformation is furnished by

A
3.5) z = & J exp(-Tz)dT zerfy

\]? 0

; 1s obvious that condition & is satisfied.




sans of (3.5) the problem (3.2) is transformed into

a'Vv av
2+B(U,y) —Z'=O .

L[}
o
L

|
V=1+% > o] for z

Vv=0 for z 1,

- 1
B(0y) =\ v exn(y)((1v200(y)T 2 _

v(z) = U(y(z)).
.all show that B(U,y) is non singular at y = «, or z =

; the asymptotic behaviour of U(y) for y - =.
y - = the solution U(y) of (3.2) will be very small. 'se
. values of U(y) the equation (3.2) and the second bour

tion become, approximately,

2

- T

a 2 dy
) 4

Uu->20 for y » = .

L

ceneral solution of this problem is U(y) = a(1 - erf y) rfe y
©a is an arbitrary constant. Substitution of this rest 0

xpression for B(U,y) yields with y > « the foilowing 1

(U,y) = Lin V7 v exp(y?) ((14200(y))™2 = 1)

y—->co

= lim (-V7y exp(yg)o U(y))

y-—>00

= lim (_W ay exp(y2)0 erfc(y))

y—*w

= =-ac

lim B(U,y) = -a o

y-—)OO

shows that condition b is satisfied.




, A numerical treatment

For the numerical treatment, the following three methods will be

sed.

The two-point boundary-value problem (3.6) is solved by an iterative

method.

A procedure for finding a sufficiently accurate initial approximation

in order to save computation time, will be mentioned.

The boundary-value problem (2.4), (2.5) is solved by an iterative

step-by-step method.

The boundary-value problem (3.2) is solved by the same iterative

step-by-step method.

Method A

The boundary-value problem (3.6) will be solved by an iterative
'thod.

simple difference scheme for (3.6) is given by

R v(j) = v(j+1) -hgv(j) + v(j-1) b(3) v(.i+1%h— v(j-1) _ 0,
1) ] J= 152, veuy N=1
v(0) = 1 +-;_—o R
v(N) =0,
L

ere v(j) and b(j) are net functions defined in the points z = jh,

1
=0, 1, ..., N(h =%
J) = B(jn).

B. We shall use small letters for net functions and capital letters

) , satisfying the relations v(j) = V(jh) and

for ordinary functions.

t V(z) be the analytical solution of boundary-vaelue problem (3.6)

en the error e(j) of the numerical solution,

.2) e(§) = %(3) - v(3) ,

tisfies the following linear difference scheme:
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o

sents the derivative of v at the J

?(j) is defined by:

3
) exp(y(3))% (1 + 20 TN ¥2(3)

s the value of y that corresponds wi

.th
(5.3) approximates the boundary-val

: dE |
+ B(V,y) FEi C(v,y) E=0 ,

f order h2.

t boundary-value problem (5.4) only

ked that the function C(V,y) is nega
1, for all positive values of V.

a solution Eo(z) of (5.4) with Eo(z)
one region of the interval 0 < z < 1
r negative.

positive values, then there must be

) >0
=0 .
0
< 0 N
20

+ Jh and

oint.

blem

the trivial

1l over the

then there

Eo(z) is




1ich contradicts (5.4).

1alogously, we can prove that E_(z) cannot assume negative values.

0
1us boundary-value problem (5.4) only allows the solution E(z) = 0.
com this we can conclude, that, if (5.3) is a stable difference

sheme, then we have (see [2]) e(j) = 0(n?).

sufficient condition for the stability of (5.3) may be obtained when
1e roots Ai’ i =1, 2, of the characteristic equation of (5.3)

stisfy the inequality (see [2])

5.6) |Ai}i1+o(h) , i=1,2.

1e characteristic equation of (3.3) is given by:

. . . 2 2 w,. .

5.7) (2 +hb(j))r" = (b =2n"2(j))r+ (2 -n1b(j)) =o.

rom (3.7) it follows that h b(j) = O(h). One can proof that

2 o~y 2
c(j) = o(n")
> the roots of equation (5.7) satisfy inequality (5.6).

1e preceding considerations show that a function v(j), satisfying the
.fference boundary-value problem (5.1) is a second-order approximation

) the analytical solution v(z) of boundary-value problem (3.6).

lere remains the construction of the function v(j). We shall use

le following iterative process:

[ v @) = v () + TR v () §=1,2, ..., Ne1
k=0, 1, "
.8) Q vk(o) =1+ % o,
vk(N) =0 , Py
L L

2
e ; 2
lere vO(j) is an arbitrary initial approxi. ) Q%

P

wramter.



If this iterative process converges for k - «, then the limit function
v_(j) obviously satisfies (5.1).

We now investigate the stability of (5.8).

Let vo(j) satisfy the boundary conditions and let Vk(j) be, for

j =1, +.., N-1, the components of a vector, then (5.8) may be written

in matrixform:

(5.8a) Vieer = Mg Vg o

where Mk is defined by

1\ H] O’—_—————__-'”———— _— — —— -0
~~
\\
-~
~
~
\\
0ccoea=0 , 2 X(2-n b _(3)), 1 - 25, L (2 v, (3)), 0, ... O
2 2 k 2 2 k
h h" I n°
~~
S
~
\\
o’ 0,-’°“’-‘—'—""‘--——‘—"‘_’—"—-—'—'_“‘O ,‘1

For stability we require that

(5.9) [ [l <1,
for every k.
We shall use the maximumnorm for matrices,
ie. ||A]] = max Z |aijl .
J 1

Using this norm for Mk we obtain the following stability conditions

2

(5.10) t<=h

|-

11) h < 2/! |bk(‘])| |max ?

[}
-
[\V)
-

'%Pk(j)|| is defined as the maximum value of bk(j)’ J

max




hen we choose a positive approximation vo(j) then the functi
ill also be positive, and then, from the definition of bk(j)

ee that condition (5.11) is certainly satisfied when:

2
. exp(=y~(N-1)
5.113) h = y(N_,])

.B. Here y(N-1) denotes the value of y in the (N—1)St latti

s h = erfc y(N-1), it is easy to see that condition (5.11a)

eal restriction for practical purposes.

he method, described above, is convergent when the stability
itions are satisfied; however, the rate of convergence is v
herefore, it is very important to choose a good initial appr
e can find this good approximation with the following proced
n (3.6) we replace the boundary condition v(N) = 0, by a sec
nitial condition, v(1) = o. The initial value problem, obtai
his way, can now be solved directly, using difference scheme
he stability of this scheme is related to the stability of d
cheme (5.3) (see [2]), which is stable, as has been proved.
f course, the application of scheme (5.1), with initial cond
(0) =1+ %-0, v(1) = o (0 < a< 1+ %-0), will, in general,
ead to v(N) = 0. But by changing a, we can make |v(N)| as s
s desired, i.e. for some € > 0, |v(N)| < €.

rom preceding considerations it follows, that the function v
btained in this way, approximates within an error of order h
olution ¥(z) of equation (2.6), with boundary conditions V(0
(1) = g.

e now define the initial approximation v.(j) in the followin

0
vo(3) = v(§) for j=0,1, ..., N-1
v.(N) =0

ith this initial approximation vo(j) the computation time is

educed considerably.
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ooting procedure, like this one, can only be used if all solutions
he differential equation in consideration are bounded in the re-
nt region.

ur case this means that all solutions of

2
dv dv
dz

0,

be bounded in the interval 0 < z < 1,
B(U,y) is non-singular in 0 < z < 1, as was proved previously.
(5.11) is an equation, defined on a bounded region, with bounded
Ticients and with constant coefficient for the derivative of
est degree.

e all solutions of (5.11) are bounded.

ethod B

We now discuss method B for solving the problem numerically.
ider the original boundary-value problem (2.k4), (2.5).

i1l use the following consistent difference approximation

(2l () - el (8] < 8l @
, Uro 0(j)) (e(j+1) -2-26(3) +0(i=1)) o 4 |
) S h
e(0) =1 ,
6(x) =0 .

the boundary condition at infinity is replaced by an additional
ition at y = 0 (analogously to the method used to reduce the
utation time in section 5).

. analytical considerations we know that in a suitably chosen finite

t, e.g. ¥y = ¢, the value of ]el and the value of the derivative
» for the anlytical solution are both very small, i.e. for some

de
0 and €, > 0, |8l < €, and |a§1 < ey e
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7 our computation procedure is as follows:
start the computation with 6(0) = 1 and 6(1) = a (0 < a < 1);
calculate the solution over the interval [@, é] s then at y = ¢

check the values of |6| and L%%[;ii‘either le| or |%§

not sufficiently small, we change o and repeat the computation.
practice we discontinue the computation and increase o, as soon as

recomes negative (see the ALGOL 60 progremm at the end of the paper).

order to apply this method successfully, the difference scheme (6.1)
i to be stable. This stability is related to the stability of the

'st variation of (6.1) (see [2]).

v, 1f we replace 6(j) in (6.1) by 6(j) + e(j), then we obtain the

lowing linear difference scheme for e(j).

A
2 y(J) (e(j+1) - e(§=1) o &ld) (e(j+1) - 20(j) + 6(j-1)
2h 2
2) 4« (1 + 0 06(i)) (e(j+;) - 2e(j) + e(j=1))
h

+ 20 ( e(j+1)2;1 8(i=1)y e(j+1gh- eli=1)y = 5(p2)

\J

bility of (6.2) is guaranteed if the roots A i=1, 2, of the
racteristic equation satisfy the inequality:
|Ai| <1+0(), i=1, 2,

- characteristic equation is given by:

j)dh+ 1+ 0 6(j) + é-c B(j+1) - % o e(j-1))x2
o 6(j*1) =20 8(j) + 0 6(j-1) -2 -20 68(3))Ar
¥R+ 140 8(5) - Lo 8(3rn) + 30 6(3-1)) = 0

ch can be written as

+ 0 6(3) + o(h))A2 -2(1+ 0 6(j) + 0(h))A
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implies that
|>\i|<1+0(h) , i=1,2 .,
>, difference scheme (3.9) is stable.

3 a conjecture of J. von Neumann (see [2]). We conclude that (3.8)

lso stable.

>thod C

Exactly the same line of working as was used in Method B, may
oplied in order to solve boundary-value problem (3.2).

the following difference approximation can be used:

) u(j+1) - gg(j) + u(j—1) + a(u(j),j) u(i*1)2£ u(j—1) = 0.

h
wvestigate stability, again we replace u(Jj) by u(j) + e(J),

ining a linear difference scheme for e(j)

) e(j+1) = 2e(j) + e(j=1) , alu(j).j) (e(j+1) - e(j-1))

h2 2h

+ P(j) e(j) =0,

w

. . 3
) p(3) = -2y(3)e iL=uli=l)) (44 a5 y(5))2

characteristic equation of (T7.2) is

a(u(3),3)m7 - 201 = p(H + (1 - 3 a(u(§),i)n) = 0

1

2

O(h))AZ - 2(1 +0(h))x + (1 + 0(n)) = 0.
|xi] <1+ o0(), i=1, 2,

sfore scheme (7.2) is stable.
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Comparison of Method B and Method C

It is interesting to compare the difference schemes (6.1) and
.1), which were used in Method B and Method C, respectively.
r reasons of convenience we shall introduce the following notations.

denote the original differential equation (2.4) by

1) P% =0,

.3) R2 u(j) = o.
cording to formula (3.1) we replace in (7.1) u by 6 + %-o 62,
21ding
j#1) + 2 0 67(5+1) - 20(3) = 0 6°(3) + 8(3-1) + 3 0 6°(j=1)
h2
8(3+1) + = 0 82(3+1) = 8(j-1) - = 0 6°(3-1)

2y 2 . 2 = 0

1+ 0(§) 2h A ’

after some rearrangements

+ 0 6(3)) (e(j+1) - 26(j) + 6(j-1)) 2y(§) (e(j+1) - o(j=-1))

-+
h2 2h
. . 2 2,. 2,. 2.
; (e(J+1;h— 6(j-1), +%02 o(y) L&li*1) - 222(;1) + 6 (j=1))
2,. 2. . . 2 2,.
(5) oLe (J+;ﬁ = 67 (j-1)) +,% o(6(j+1) - 6(2-1)) =4 (i) _ o

ich formula will be denoted by

.5) R1e(j) + R3e(j) =0




1h

we investigate the operators R1 and R3 by expanding t

or series.

1en leads to

ae as 0
) RO =2y =+ o0o(=) + (1 +0086)—
1 dy dy dye
3 3 L
b1, 128, 1) 205 g
dy Y dy dy
ives in the same manner,
: 2 2
_ a6, 48 a“e
Ry8 =0 o{2y 3y + °(dy) + (1 + 0 0) 2 }
J
2.2 3
vor’ Grro)ER) + 3140 S eg
dy dy
2 L
+y 9§-§—8-+ %5 e‘g—g } +o(n3) .
dy dy

(8.6) we see that (8.2) is a second-order difference

8.1), with truncation error d,s defined by
3 3 L
) ar=nf 1851888, o0 o0
dy dy dy

(8.6) and (8.7) it follows that (8.3) is a second-ord

n to

v -
) (1+c8)Po=0,

truncation error d2, defined by

to

imatio

roxim-




3 3 L
2, 14% 146 476 1 d’e
@R=hr{z—=+s-——=+—5(+00)
3 2 n
3dy 3dydy3 ! dy
2, 2 3
.10) +%(1+oe)((—1—g) +%( + g 38y, 478
2 h
do 46 o] d o
+ 0y —— + — + 0(h°) .
d >t 12 E
gy dy

m (8.9) we see that the accuracy of difference scheme (7.1)
crease when (1 + ¢ 6) tends to zero. However, we are only in ed
positive values of 6, and therefore (1 + ¢ 6) > 1, 0 being

sitive parameter.

The results

For several values of the parameter o, calculations have '
rformed with the three methods described in the preceding se .
the end of the paper some results of the used methods are g
ey are plotted by the CALCOMP plotter coupled to the Electro X1
mputer of the Mathematical Centre, Amsterdam.
e results obtained applying Method B and Method C, were in v
od agreement with the values given by Crank.

ing Method A, the accuracy of the results was satisfactory f 11
lues of o, but got worse for. increasing o. The reason for th

haviour may be made clear by the following considerations.

e truncation error, d3, of difference scheme (5.1) which is

Method A, is, as can easily be derived,

L 3

_ .2, 1 dv 1 . ATv 3

. 1) d3—h{-—12——Hd +6b(3)——3}+0(h)
Z dz

om this we see that difference approxﬁmatlon (5.1) will be

accurate if the der1vat1ves~é—% and ——% are large.
dz dz
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, we consider transformation (3.5)

¥
7) A =2 J eXp(—T2)dT = erfy
T 0
me chooses, in the interval 0 < z < 1, a steplength h = .01 (the

>length used in actual computation), then the last interior point,
.99, of the lattice corresponds to y = 1.821. Thus all values

)1 < y < » are mapped by (3.5) on the z-interval .99 < z < 1.

he analytical solution ¥ of the problem, is not close to zero at
.99, then, of course, in the interval .99 < z < 1 large values for
first derivative %% , and therefore also for the higher derivatives,
., oceur. This results in a large truncation error d3. The lesser
wracy of the numerical solution with increasing o, thus is a result
he fact that the analytical solution tends slower to zero when

. large. For large values of o transformation (3.5) is not a

;able tool for solving the problem.

difference schemes used in the preceding methods of calculation
only second-order approximations. In order to check the obtained
\lts, we have solved boundary-value problem (2.4), (2.5) and
\dary-value problem (3.2) numerically, applying a fifth-order
ie-Kutta procedure, due to Zonneveld (see [i]){

boundary-value problems were solved with the iterative step-by-

y method, described in section 5. In both cases the results were in
- good agreement with the values given by Crank and those obtained

ying Method B and C.
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METHOD A
begin  comment R1593 , GJF 010167/XIIIc .

Iterative solution of the differential equation :

Ut + 2xy/((1+2xsigmaxU)A=1/2)xU* = O

as two point boundary value problem

including a procedure for finding an

initial approximation ;

integer N ;
BEGIN: N:= READ ;
begin integer i,k ,m;

real a , y0 , sigma , eps , epsl , dt , spi , max ,
z1 , 22 , h;

array Yy , ulo:N] ;

procedure INPUT ;

Pegin h:= 1/N ; m:= READ ; sigma:= READ ; dt:= READ ;
z1:= READ ; z2:= READ ; eps:= READ ; epsl:= READ ;
spi:= sqrt(3.14159265359) ;

NLCR ; PRINTTEXT(4 output gjf 010167/xiiic }) ;
NLCR ; PRINTTEXT({ number of netpoints N =}) ;
ABSFIXT( 3,0,N ) ;
NLCR ; PRINTTEXT({ parameter sigma =}) ;
ABSFIXT( 2,3,sigma ) ;
NLCR ; PRINTTEXT({ relaxation parameter dt =}) ;
ABSFIXT( 2,4,dt ) ; NLCR ; NICR ;
end INPUT ;
procedure INITTAL APPROX ;
begin real 1 ,u , u3 , zeta , y1 ;
AGAIN: Ul:= 1+.5xsigma ; zeta:= (z1+z2)/2 ; NLCR ; NLCR ;

u2:= ul+hxzets ;

for i:= 1 step 1 until N=1 do.

begin yO:= yli]; -

a:= ,5XspixXhxyOXexp(yOxy0)x(1/sqrt(1+2xsigmaxu2)=1) ;
u3:= (2xu2+(a=1)xul)/(a+1) ;

if u3 < 0 then

Pegin  z13= (2z1+22)/2 ; goto AGAIN end ;

SFIXT( 2,3,y0 ) ; FLOT("3,2,u3 ) ; SPACE(3) ;

u2 ;3 u2:= u3l

H o

£ 5
=t

end ;

3T u3 > epsl then

begin z2:= (z2+z1)/2 ; goto AGAIN end ;

NICR ; NLCR ; PRINTTEXT( ¥ initialapproximation ¥} ) ; NLCR ;
u[0]:= ul:= 1+,5Xsigma ; ul1]:= u2:= ul+hxzeta ;

SPACE(5) ; ABSFIXT( 2,3,0 ) ; SPACE(3) ;

FLOT( 3,2,(=1+sqrt(1+2xsigmaxul))/sigma) ;

SPACE(5) ; ABSFIXT( 2,3,y[1] ) ; SPACE(3) ;

FLOT{ 3,2,(=1+sqrt(1+2xsigmaxu2))/sigma ) ;

for i:= 1 step 1 until N=1 do

Pegin yOi= ylilT; yi:= y[IF1] ;

ar= ,5xXhXspixyOxexp(yOxy0)x(1/sqrt(1+2xsigmaxul)=1) ;

s 5 o
Iy Y

Iy
2 Wy

PATHEMATISCH CEMTRUNM

OTHEER ,
BIBL! AMSTERDAM




uli+1]:= u3:= (2xu2+(a~1)xul)/(a+1) ;
SPACE(5) ; ABSFIXT( 2,3,y1 ) ; SPACE(3) ;
FLOT( 3,2,(=1+sqrt(1+2Xsigmaxu3))/sigma ) ;
if (i:3)x3 = i then NLCR ;
ul:= u2 ; u2:= u3

end ;

U[N]:= 0 ; NLCR ; NLCR ; NICR

1d INITTAL APPROX ;

‘ocedure ITERATE ;
igin real vO , vl , v2 , ui , Riv ;

4 ITERATE ;

Il

vO:= ul0] ; vi:= ul1] ; max:= 0 ; ki= k+1 ;
PRINTTEXT({ iteration started }) ; NLCR ; NLCR ;

for i:= 1 step 1 until N=1 do ’

begin yO:= yl[i]l™5 v2:= ul[TF1] ;

as= . 5xXhxspixyOxexp(yOxy0)x(1/sqrt(1+2xsigmaxvl)=1) ;
Rivi= (a+1)xve—2xvi=(a=1)xv0 ;

if max < abs(Riv) then max:= abs(Riv) ;

uli] := uis= vI+dtXRiv ; vO:= v1 ; vi:= v2 ;

if (k:5)X5 = k then

begin  SPACE(L); ABSFIXT( 2,3,y0 ) ; SPACE(2) ;
FLOT( 3,2,(=1+sqrt(1+2xsigmaxui))/sigma ) ;
SPACE(2) ; FLOT( 3,2,Riv ) ;

if (i:3)x3 = i then NLCR

end ; NILCR ; NLCR ;

end ;

if max > eps then goto ITER ;

PRINTTEXT (& final results gjf 010167/xiiic with sigma =b) ;-
ABSFIXT( 2,3,sigma ) ; NLCR ; NLCR ;

for i:= 0 step 1 until N do

Pegin SPACE(5) 3 ABSFIXT( 2,3,y[i] ) ; SPACE(3) ;

FLOT( 3,2,(=1+sqrt(1+2xsigmaxuli]))/sigma ) ;
if (i:3)x3 = i then NLCR

end - =

for i:= O step 1 until N do y[il:= READ ; k:= O ;
NEWPAGE ; INPUT ; INITIAL APPROX ; ITERATE ;

if m = O then goto BEGIN ;

If m = 1 Then goto PROGRAM




[ETHOD

regin

GAIN:

mt  R1593 , GJF010167/XIITe,
utt = (—sigmex(u®)A2=2xu’xy)/(1+sigmexu) , as initial value
problen ;
er n,m,Y ;
— sigma,h,y,thetal,theta2,thetal3,z1,22,zeta,epst ,eps?2 ;
:dure SCHEME
begin real B, C;
B:= (1+sigmaXtheta2—, 5Xsigmaxthetal+yxh) ;
C:= —2xsigmaxtheta2xthetal+theta2x(sigmaxthetal-2)
+(1=yxh+.25xsigmax thetal )xthetal ;
yi= y+h ; theta3:= 2x(-B+sqrt(BA2~sigmaxC))/sigma ;
thetal:= theta2 ; thetal2:= theta3

end ;
5 PRINITEXT ({ Results GJF010167/XIIIe %) ; NLCR ;
EAD ; sigma:= READ ; h:= READ ; z1:= READ ; z2:= READ ;
EAD ; epsl:= READ ; eps2:= READ ; ABSFIXT(2,3,sigma) ;
5 NLCR ; y:= h ; thetal:= 1 ; zeta:= (z1+22)/2 ;
2:= thetal+hxzeta ;
2= 1 step 1 until ¥ do
SCHEME ; ABSFIXT(Z2,3,y) ; FLOT(3,2,theta2) ;
if theta2 < O then begin z1:= (z1+22)/2 ; goto AGAIN end

= (theta2-thetal)/h ;
s(zeta) < eps2 A theta2 < epsl then goto OUT ;
(z1+22) /2 ; goto AGAIN ; -
3 NLCR ; PRINTTEXT
nal results GJFO10167/XIIIe with sigma = }) ;
(sigma) ; y:= h ; thetal:= 1 ; zeta:= (z1+22)/2 ;
2:= thetal+zetaxh ;
; ABSFIXT(2,3,y) ; FLOT(3,2,theta2) ; FLOT(3,2,zeta) ;
:= 1 step 1 until Y do
SCHEME ; NLCR ; ABSFIXT(2,3,y) ; FLOT(3,2,theta2) end ;
= 0 then begin NEWPAGE ; goto NEW end -




HOD C

in

.o

comment R1593 , GJF010167/XIIlg,

Ut + 2y/((1+2sU)A=1/2)U* = 0 , as initial value
problem ;
integer n,m,Y ;
Teal _ sigma,h,y,thetal,theta2,theta3,z1,22,zeta,epsl,eps2 ;
procedure SCHEME ;
begin real A
K:= hxy/sqrt(1+2xsigmexthetal) ;
theta3:= (2xtheta2+(A=1)xthetal)/(A+1) ;
y:= y+h ; thetal:= theta2 ; theta2:= theta3

end ;

TICR ; PRINTTEXT ( & Results GJFO10167/XIIIg 3} ) ; NLCR ;
m:= READ ; sigma:= READ ; h:= READ ; zl:= READ ; z2:= READ ;
Y:= READ ; epsl:= READ ; eps2:= READ ; ABSFIXT( 2,3,sigma ) ;
NLCR ; NICR ; y:= h ; thetal:= 1+.5Xsigma ; zeta:= (z1+22)/2
theta?:= thetal+hXzeta ;

for n:= 1 step 1 until Y do

Degin SCHEME ; ABSFIXT(Z,3,y) ; FLOT(3,2,theta2) ;

if theta2 < O then begin z1:= (z1+22)/2 ; goto AGAIN

end ;
Zeta:= (theta®—thetal)/h ;
if abs(zeta) < eps2 A theta2 < epsl then goto OUT ;
22:= (z1+22)/2 ; goto AGAIN ; -
NLCR ; NLCR ; PRINTTEXT

( & Final results GJFO10167/XIIIg with sigma =} ) 3
PRINT ( sigma ) ; y:= h ; thetal:= 1+.5Xsigma ;
zeta:= (z1+22)/2 ; thetal2:= thetal+zetaxh ; NLCR ;
M%mea3ﬂ);mxﬂ3gxq+mﬂxua@mmwma&nVMgm)
FLOT(3,2,zeta) ; ’
for n:= 1 step 1 until Y do
Degin SCHEME ; NLCR ; ABSFIXT(2,3,y) ;
FLOT(3,2, (=1+sqrt(1+2xsigmaxtheta3))/sigma)

end ;
if m = O then begin NEWPAGE ; goto NEW end
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